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1. Introduction to S-shaped regression functions

Applications and examples



S-shaped functions

e We say that 7: [0,1] — R is S-shaped if it is increasing, and if
there exists an inflection point mg € [0, 1] such that f is convex
on [0, mg] and concave on [mg, 1].

® f is not required to be continuous at mg or Lipschitz on [0, 1].




S-shaped functions

e We say that 7: [0,1] — R is S-shaped if it is increasing, and if
there exists an inflection point mg € [0, 1] such that f is convex
on [0, mg] and concave on [mg, 1].

® f is not required to be continuous at mg or Lipschitz on [0, 1].

® Aim: Estimate an unknown S-shaped regression function and its
inflection point(s).




S-shaped regression functions

® Modelling the dependence of a response variable on a covariate
as an S-shaped function: many examples in applied science, such
as growth or development curves for individuals or
populations, and learning curves for skill proficiency
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S-shaped regression functions

Further examples:
¢ Production or utility curves in economics

(e.g. output vs resource levels, or sales revenue vs advertising)
® Dose-response curves in biochemistry and medicine

e Dependence of crop yields on soil salinity (inverted S-shaped
curve) in agronomy (van Genuchten and Gupta, 1993)
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Parametric methods
® Restricting to parametric subclasses of sigmoidal curves, e.g.
generalised logistic functions

x— C+ with B, b,k > 0, C,c € R;

(]_ + e—bx+c)n

® Piecewise linear regression with a fixed number of kinks, and
bent cable (linear—quadratic—linear) models (Chiu et al., 2006)




Nonparametric methods

e Kernel-based methods:

» ldentification of the inflection point of a smooth signal via local
polynomial regression and constrained bandwidth selection
(Kachouie and Schwartzman, 2013)

» Estimation of S-shaped production functions via
shape-constrained kernel least squares and bandwidth
selection by cross-validation (VYagi et al., 2019, 2020)

¢ (Penalised) least squares based on cubic B-splines defined with
respect to user-specified knots (Liao and Meyer, 2017)

e Geometric / numerical analysis approach to identifying inflection
points (Christopoulos, 2016)



Example: LIDAR air pollution data
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® Model: Iog%:fo(r;)iji, i=1...,n

° fo(r) = —C [, 8o(s) ds for r > 0, where go(s) is the
concentration of mercury at distance s metres away from the
detector, and C = 1.6 x 107> ng_l m?2



Example: LIDAR air pollution data

° °
o 7 o 7
o o
R S
; ;
e 3 s 3
g T g
) )
o o
© ©
o =
: ;
« <
£ E
; ;
o o
S =]
o «
S A 3 A
; ;
e 34 e =4
s T ® T
g g
o o
© @«
E E
; :
© ©
g A g A
T T X x
T T T T T T T T T T T T T T
400 450 500 550 600 650 700 400 450 500 550 600 650 700

range range



Outline
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S-shaped least squares estimators (LSEs)

® For m € [0, 1], denote by F™ the class of all S-shaped functions
on [0, 1] with an inflection point at m: this is a convex cone

® Denote by F = J,cpo1] /" the class of all S-shaped functions
on [0, 1]: this is not convex



S-shaped least squares estimators (LSEs)

For m € [0, 1], denote by F™ the class of all S-shaped functions
on [0, 1] with an inflection point at m: this is a convex cone

Denote by 7 = (Jne[o.1) /™ the class of all S-shaped functions
on [0, 1]: this is not convex

Observe (x1, Y1), ..., (xn, Ya) € [0,1] x R with x; < --- < xp,

For a class ]?Nof functions on [0,1], we say that ,: [0,1] — R is
an LSE over F based on {(x;, Y;) : 1 </ < n} if it minimises
fes S0 (Yi— £(xi))” = RSSa(f) over F



Existence of S-shaped LSEs

Proposition. For each m € [0, 1], there exists an LSE £™ over
F™ that is uniquely determined at xi,..., X, and there exists
an LSE f, over F with an inflection point in {x2,...,x,-1}.

® Form fc,,m by linear interpolation: this may not lie in F™ if
m ¢ {x1,...,xn}; it is the LSE over a modified class H™
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Existence of S-shaped LSEs

Proposition. For each m € [0, 1], there exists an LSE £™ over
F™ that is uniquely determined at xi,..., X, and there exists
an LSE f, over F with an inflection point in {x2,...,x,-1}.

° 7?,,’” is unique because H™ is convex, but f, may not even be
uniquely defined on {x1,...,xp}



Existence of S-shaped LSEs

Proposition. For each m € [0, 1], there exists an LSE £™ over
F™ that is uniquely determined at xi,..., X, and there exists
an LSE f, over F with an inflection point in {x2,...,x,-1}.

° 7?,,’" is unique because H™ is convex, but f, may not even be
uniquely defined on {x1,...,xn}

X

/




L? projection framework

® For a general probability distribution P on [0, 1] x R with a finite
second moment, consider minimising

f s L(F,P) = /[0 - (v — £(x))? dP(x, y)

over F™ for a fixed m € [0, 1], or over F.
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® For a general probability distribution P on [0, 1] x R with a finite
second moment, consider minimising

f s L(F,P) = /[0 - (v — £(x))? dP(x, y)

over F™ for a fixed m € [0, 1], or over F.
° 1/)9,,(P) = argmingczm L(f, P) and wO(P) = argmingc 7 L(f, P)

are well-defined under mild conditions on P, but uniqueness
(PX almost everywhere) is not guaranteed for the latter.



L? projection framework

For a general probability distribution P on [0, 1] x R with a finite
second moment, consider minimising

f s L(F,P) = /[0 - (v — £(x))? dP(x, y)

over F™ for a fixed m € [0, 1], or over F.

Y9 (P) = argmingc zm L(f, P) and 1/°(P) = argming.» L(f, P)
are well-defined under mild conditions on P, but uniqueness
(PX almost everywhere) is not guaranteed for the latter.

Continuity results for (m, P) + 19 (P), P+ 1,°(P),
(m, P) — infrcrm L(f, P) and P+ infrcr L(f, P) with respect
to the 2-Wasserstein distance W5 and notions of set convergence



Consistency and robustness

® Regression framework (triangular array scheme):
Yni = fo(xni) + &ni for n € N and 1 < < n, where £p1,...,&nm
are i.i.d. with mean zero and finite variance



Consistency and robustness

® Regression framework (triangular array scheme):
Yni = fo(xni) + &ni for n € N and 1 < < n, where £p1,...,&nm
are i.i.d. with mean zero and finite variance

e Consistency when fy € F has a unique inflection point myg:

Theorem. Suppose PX = n71Y7 4, converges weakly to a
distribution P& with supp Py = [0,1] and PX({m}) = 0 for all
m e [0,1]. For n e N, let g, € {£™, f,} and let /M, denote any
inflection point of g,. Then for any closed A C [0,1] \ {mo},

R 2 mo, sup |(&, — ) (x)] 2> 0.
xXEA



Consistency and robustness

® Regression framework (triangular array scheme):
Yni = fo(xni) + &ni for n € N and 1 < < n, where £p1,...,&nm
are i.i.d. with mean zero and finite variance

e Consistency when fy € F has a unique inflection point myg:

Theorem. Suppose PX = n71Y7 4, converges weakly to a
distribution P& with supp Py = [0,1] and PX({m}) = 0 for all
m e [0,1]. For n e N, let g, € {£™, f,} and let /M, denote any
inflection point of g,. Then for any closed A C [0,1] \ {mo},

R 2 mo, sup |(&, — ) (x)] 2> 0.
xXEA

e Robustness to misspecification (fy ¢ F): “f™, f, converge to
the projections of fy onto F™, F respectively”



Finite-sample risk bounds

® For fixed n € N, consider a fixed design regression model
Yi=fo(x;)+ &, i=1,...,nin which &,...,&, are
independent and sub-Gaussian with parameter 1.

® Global loss function: for g: [0,1] — R, let
n 1/2
lelln = llgll o) = (ST g206)/n) "

® We prove sharp oracle inequalities to quantify the worst-case

and adaptive performance of S-shaped LSEs f,: these apply to
any regression function fy: [0,1] — R and take the form

E(|fn—folla) < inf {[fo—Flln+ra(F)},  where

» ||fo — ||, is an approximation error term with leading constant 1;

» r,(f) is an estimation error term.



Finite-sample risk bounds: worst-case

® Let R:=n"1(x, — x1)/ mina<i<n(x; — xi—1). For f € F, define

V(f):=f(xn) — f(x1) = max. f(x)— lrgniign f(x;).



Finite-sample risk bounds: worst-case
® Let R:=n"1(x, — x1)/ mina<i<n(x; — xi—1). For f € F, define
V(f):=f(xn) — f(x1) = max. f(x)— min_ f(x;).

Theorem. There exists a universal C > 0 such that for every
fo: [0,1] = R, n > 2 and LSE f, over F, we have

1y — folln <

C(1+ V(A CcrUYO(1+ V(f))1/5} EE

o8 {”f_ follo + =7~ 275 "

with probability at least 1 — e™*t, for every t > 0.



Finite-sample risk bounds: worst-case
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Finite-sample risk bounds: worst-case

® Let R:=n"1(x, — x1)/ mina<i<n(x; — xi—1). For f € F, define

V(f):=f(xn) — f(x1) = max. f(x)— lrgniign f(x;).

Conclusion: when fy € F, or fy is close to F in an L2(P)) sense:

e f, attains the optimal worst-case risk of order n~2/> with respect
to L?(P)X)-loss when the design points are ‘near-equispaced’.



Finite-sample risk bounds: worst-case

® Let R:=n"1(x, — x1)/ mina<i<n(x; — xi—1). For f € F, define

V(f):=f(xn) — f(x1) = max. f(x)— lrgniign f(x;).

Conclusion: when fy € F, or fy is close to F in an L2(P)) sense:

e f, attains the optimal worst-case risk of order n~2/> with respect
to L?(P)X)-loss when the design points are ‘near-equispaced’.

® For adversarially chosen design configurations, the worst-case
risk of f, can be of order n /3.



Finite-sample risk bounds: adaptation

® |et H be the set of piecewise affine f € F with kinks in
{x2,. .., Xn-1}
® For f € H, denote by k(f) the number of affine pieces of f, i.e.

the smallest k € [n] such that f is affine on each of k
subintervals /1, ..., Iy that partition [0, 1].



Finite-sample risk bounds: adaptation

Let H be the set of piecewise affine f € F with kinks in
{x2,. .., Xn-1}

For f € H, denote by k(f) the number of affine pieces of f, i.e.
the smallest k € [n] such that f is affine on each of k
subintervals /1, ..., Iy that partition [0, 1].

Theorem. For every fy: [0,1] — R, n > 2 and LSE f,, over F,
we have

I, — foll» <

_ 32(k(f)+1) en 2(t + log n)
g o PO () oD

with probability at least 1 — e~ %, for every t > 0.




Finite-sample risk bounds: adaptation

® |et H be the set of piecewise affine f € F with kinks in
{x2,. .., Xn-1}

® For f € H, denote by k(f) the number of affine pieces of f, i.e.
the smallest k € [n] such that f is affine on each of k
subintervals /1, ..., Iy that partition [0, 1].

Theorem. For every fy: [0,1] — R, n > 2 and LSE f,, over F,
we have

Es([1f — folln) <

A, {”f ~ folln +8 \/k(f)nJr - log (k(fjl 1) }




Finite-sample risk bounds: adaptation

® |et H be the set of piecewise affine f € F with kinks in
{x2,. .., Xn-1}
® For f € H, denote by k(f) the number of affine pieces of f, i.e.

the smallest k € [n] such that f is affine on each of k
subintervals /1, ..., Iy that partition [0, 1].

Conclusion: when fy € F, or fy is close to F in an L2(P)X) sense,
A adaptively attains the parametric rate of order n—1/2 (up to a

logarithmic factor) when the approximating function f € F is
piecewise affine with a small number of affine pieces.



Inflection point estimation

® Assumptions on a sequence of regression models
Yni = fo(xni) + &nis i =1,..., n (triangular array scheme):
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® Assumptions on a sequence of regression models
Yni = fo(xni) + &nis i =1,..., n (triangular array scheme):
® X, =1i/nand 5,71,...,5,,,7')5 Pe forallneNand 1 <i <n,
where P is sub-Gaussian with parameter 1.



Inflection point estimation

Assumptions on a sequence of regression models
Yni = fo(xni) + &nis i =1,..., n (triangular array scheme):

Xpi = i/n and 5,,1,...,§nnif‘5 Pe forallneNand 1 <i <n,
where P is sub-Gaussian with parameter 1.

Local smoothness condition: fy € F has a unique inflection point
mg € (0,1), and there exists B > 0 such that as x — myg, either

fo(x) = fo(mg) — B(l + 0(1)) sgn(x — mo)|x — mg|*
for some a € (0, 1), or
fo(x) = fo(mo)—l—fo'(mo)(x—mo)—i—B(1—1—0(1)) sgn(x—mg)|x—mg|*

for some a € (1, 0).



Inflection point estimation

Assumptions on a sequence of regression models
Yni = fo(xni) + &nis i =1,..., n (triangular array scheme):

Local smoothness condition: fy € F has a unique inflection point
mg € (0, 1), and there exists B > 0 such that as x — myg, either

f(x) = fo(mo) — B(1 + (1) sgn(x — mo)[x — mo|°
for some a € (0, 1), or
fo(x) = fo(mo)—i—fo'(mo)(x—mo)—i—B(1+o(1)) sgn(x—mg)|x—mgp|*
for some a € (1, 00).

When « > 3 is an odd integer, this holds if fy is locally C¢ at
mo and fo(k)(mo) =0# fo(a)(mo) for2<k<a-1



Inflection point estimation

Theorem. Under the assumptions on the previous slide, let (f,)
be any sequence of LSEs over F, and for each n, let m, be an
inflection point of £,. Then M, — mg = O,((n/ log n)~/(2a+ 1),



Inflection point estimation

Theorem. Under the assumptions on the previous slide, let (f,)
be any sequence of LSEs over F, and for each n, let m, be an
inflection point of £,. Then M, — mg = O,((n/ log n)~/(2a+ 1),

e For example, for fy: x — ®(x — mg), we have a = 3 and
therefore f'f)n — mg = Op((n/ Iog n)71/7)_



Inflection point estimation

Theorem. Under the assumptions on the previous slide, let (f,)
be any sequence of LSEs over F, and for each n, let m, be an
inflection point of £,. Then M, — mg = O,((n/ log n)~/(2a+ 1),

For example, for fo: x — ®(x — mgp), we have . = 3 and
therefore f'f)n — mg = Op((n/ Iog n)71/7)_

Proof idea: If m, is a long way from mg, then on the interval
between them, RSS, (™) > RSS,(£™) due to
misspecification: there is a long subinterval between mg and m,
on which one of fy, /™ is convex and the other is concave.



Inflection point estimation

Theorem. Under the assumptions on the previous slide, let (f,)
be any sequence of LSEs over F, and for each n, let m, be an
inflection point of £,. Then M, — mg = O,((n/ log n)~/(2a+ 1),

e For example, for fy: x — ®(x — mg), we have a = 3 and
therefore f'f)n — mg = Op((n/ Iog n)71/7)_

® Proof idea: If m, is a long way from myg, then on the interval
between them, RSS, (™) > RSS,(£™) due to
misspecification: there is a long subinterval between mg and m,
on which one of fy, /™ is convex and the other is concave.

e However, RSS,,(f,,) — RSS,,(f,,mO) < 0 by definition of f, = fn n.



Inflection point estimation

Theorem. Under the assumptions on the previous slide, let (f,)
be any sequence of LSEs over F, and for each n, let m, be an
inflection point of £,. Then M, — mg = O,((n/ log n)~/(2a+ 1),

Complementary local asymptotic minimax lower bound:

® Forr>0,let F(fy,r):={feF: fol (f — fo)? < r?}.
® For f € F, write Zr for the set of inflection points of f and let
d(x,Zr) == inf,ez, |x — 2| for x € [0,1].



Inflection point estimation

Theorem. Under the assumptions on the previous slide, let (f,,)
be any sequence of LSEs over F, and for each n, let m, be an

inflection point of #,. Then ri1, — mg = Op((n/ log n)~*/(2a+1)).

Complementary local asymptotic minimax lower bound:

® Forr>0,let F(fy,r):={feF: fol (f — fo)? < r?}.

e For f € F, write Zr for the set of inflection points of f and let
d(x,Zr) == inf,ez, |x — 2| for x € [0,1].

... . . iid
Proposition. Under the same assumptions, with &,1, ..., &mn ~

N(0, 1) for all n, we have

sup liminf inf  sup nl/(zaﬂ)Ef(d(fﬁn,If)) > 0.
>0 M0 Ma e F(fy7/\/n)
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Inflection point result: illustration

® S-shaped signals with mg = 0.3:

A(x) = 2(0.3 — 1/0.09 — x2) for x € [0,0.3)
702003+ /049 — (T %)%} for x € [0.3,1];
f(x) = sin((x — 0.3)7/1.4) 1,03}

f3(x) = x + Lx>03):

00 = 4/(1+ e 2009,

fi: o =1/2 = rate Op(n~*/?)
f>: does not satisfy the assumption for any o > 0; rate
Op(n~1/3) for kink estimation

® f3: ‘a =0 rate Op(n ') for changepoint estimation
fa: o =3 = rate Op(n/7)



Subinterval localisation

® To derive the rate of convergence of m,, we localise the analysis
of f, to a neighbourhood of mg.
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® There is a subinterval localisation result for the piecewise
constant isotonic LSE f,, over the class of increasing functions on
[0, 1], based on observations (x1, Y1), ..., (xn, Yn).
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® To derive the rate of convergence of m,, we localise the analysis
of f, to a neighbourhood of mg.

® There is a subinterval localisation result for the piecewise
constant isotonic LSE f,, over the class of increasing functions on
[0, 1], based on observations (x1, Y1), ..., (xn, Yn).
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® To derive the rate of convergence of m,, we localise the analysis
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® There is a subinterval localisation result for the piecewise
constant isotonic LSE f,, over the class of increasing functions on
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Subinterval localisation

® To derive the rate of convergence of m,, we localise the analysis
of f, to a neighbourhood of mg.

® There is a subinterval localisation result for the piecewise
constant isotonic LSE f,, over the class of increasing functions on
[0, 1], based on observations (x1, Y1), ..., (xn, Yn).

Ifroposition. Let x, < xp be kngts of f,, so that fn(x,-) <
fa(xit1) for i € {k,(}. Denote by f(.q the isotonic LSE based
on {(x;,Y;):k+1<i</}. Thenf,= f:(k:g] on [xx+1,Xe-
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® To derive the rate of convergence of m,, we localise the analysis
of f, to a neighbourhood of mg.

® There is a subinterval localisation result for the piecewise
constant isotonic LSE f,, over the class of increasing functions on
[0, 1], based on observations (x1, Y1), ..., (xn, Yn).

® However, the analogous property does not hold in general for an
(increasing) convex LSE f, if x,x < xp are taken to be kinks of f,.
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Subinterval localisation

® To derive the rate of convergence of m,, we localise the analysis
of f, to a neighbourhood of mg.

® There is a subinterval localisation result for the piecewise
constant isotonic LSE f,, over the class of increasing functions on
[0, 1], based on observations (x1, Y1), ..., (Xn, Yn).

® However, the analogous property does not hold in general for an
(increasing) convex LSE f, if xx < x; are taken to be kinks of f,.
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Subinterval localisation

® To derive the rate of convergence of m,, we localise the analysis
of f, to a neighbourhood of mg.

® There is a subinterval localisation result for the piecewise
constant isotonic LSE f,, over the class of increasing functions on
[0, 1], based on observations (x1, Y1), ..., (Xn, Yn).

® However, the analogous property does not hold in general for an
(increasing) convex LSE f, if xx < x; are taken to be kinks of f,.
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Remedy: boundary adjustments
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Remedy: boundary adjustments
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Remedy: boundary adjustments

Proposition. For m € [0,1], let £ be the LSE over H"™ based
on {(xj, Yi) : i € [n]}, and define the residuals &; = Y; — f,"(x;)
for i € [n]. Then for all j € [n], the boundary weights

1 A 2
—J & {gi#0}, Wj:= & {¢;#0}
J J

liein [0, 1], and w; + W; = Lig20y-



Remedy: boundary adjustments

Proposition. For m € [0,1], let £ be the LSE over H"™ based
on {(xj, Yi) : i € [n]}, and define the residuals &; = Y; — f,"(x;)
for i € [n]. Then for all j € [n], the boundary weights

1A 2
_ Zj: 18i = Zn—JH

w; = 3 Ligz0y,  Wji= — 5 Liz203

lie in [0,1], and w; +w; = Lz 0y Let xx < x; be knots of fn’"
such that xx11 < m < xp—1. Then fi,’" minimises

k—1

Fro 30 (Y = F(0))% + wy (Vi — F(30))°

i=1

over all increasing convex f: [0,1] — R.



Remedy: boundary adjustments

Proposition. For m € [0,1], let £ be the LSE over H"™ based
on {(xj, Yi) : i € [n]}, and define the residuals &; = Y; — f,"(x;)
for i € [n]. Then for all j € [n], the boundary weights

Zj }é\l — Zn—1+1 3
wi= == Lgop, W= —— o Ligz0)
J J

lie in [0,1], and w; +w; = Lz 0y Let xx < x; be knots of fn’"
such that xx11 < m < xp—1. Then fi,’" minimises

n

Fowe(Yo— )+ Y (Yi—f(x))?
i=0+1

over all increasing concave f: [0,1] — R.



Remedy: boundary adjustments

Proposition. For m € [0,1], let £ be the LSE over H"™ based
on {(xj, Yi) : i € [n]}, and define the residuals &; = Y; — f,"(x;)
for i € [n]. Then for all j € [n], the boundary weights

1A 2
_ Zj: 18i = Zn—JH

w; = 3 Ligz0y,  Wji= — 5 Liz203

lie in [0,1], and w; +w; = Lz 0y Let xx < x; be knots of fn’"
such that xx11 < m < xp—1. Then fi,’" minimises

/—1
f— Wk(yk — f(Xk))2 aF Z (Yl - ’C(Xi))2 +M(Y€ - f(XZ))2
i—k+1

over all f € H™.



Outline

3. Computation
ScanAll: brute-force method
ScanSelected: refined search

SeqConReg: sequential procedure



Computation of S-shaped LSEs: ScanAll

e Aim: given (x1, Y1),...,(xn, Yn) € [0,1] X R with x; < -+ < xp,
compute the S-shaped LSE f, with minimal inflection point, i.e.
f = an", where M, =x;, and j, = sargmin RSS,,(ﬁ,)g)
1<<n
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algorithm (Diimbgen et al., 2007, Groeneboom et al., 2008)



Computation of S-shaped LSEs: ScanAll

Aim: given (x1, Y1), ..., (Xn, Yn) € [0,1] Xx R with x; < - -+ < Xy,
compute the S-shaped LSE f, with minimal inflection point, i.e.

f, = an", where M, =x; and j, = sargmin RSSn(ﬁ,)g)
1<j<n
Naive brute-force approach (ScanA11): compute ™ for every
m € {x1,...,Xxn}, e.g. by an active set or support reduction
algorithm (Diimbgen et al., 2007, Groeneboom et al., 2008)

» j i+ RSS,(f,’) may have multiple local minima
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Subinterval localisation

® Forje€{1,...,n}, form K, by concatenating the
increasing convex LSE f;j on {(x;, ¥;) : 1 < i < j} and the
increasing concave LSE fc,,7j+1 on{(xi, Yi):j+1<i<n}
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have the following two important facts:



Subinterval localisation

® Forje€{1,...,n}, form K, by concatenating the
increasing convex LSE f;j on {(x;, ¥;) : 1 < i < j} and the
increasing concave LSE mel on{(xi, Yi):j+1<i<n}

° fzfn may not lie in 7%, in which case ﬁ,xj #* /Af,, nevertheless, we
have the following two important facts:

A. If b, € 7%, then #9 =k, (LSE over a larger set)

B. Subinterval localisation: Given any LSE £, over F, if either X;
is its smallest inflection point or x;j;1 is its largest inflection
point, then f, = A, (with weights w;=0=1-w;) and
Y; < falx) < fa(xj41) < Vi



Refined strategy: ScanSelected

e Computational gains based on subinterval localisation: to locate
A . ’\Xj
Jn = sargming <<, RSS, ("),

1. We can refine the search by discarding those j for which
Y; > Yjt1: only n— 1 pairwise comparisons required

2. For the remaining indices j, compute /Aﬂ, by fitting )?1’1- and f,,,jﬂ
separately on disjoint subsets of the original data
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1. We can refine the search by discarding those j for which
Y; > Yjt1: only n— 1 pairwise comparisons required

2. For the remaining indices j, compute /Aﬂ, by fitting )?1’1- and f,,,jﬂ
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® Let J be the set of j for which Frﬂ, is an S-shaped function in
F%. Then ;7 = K, for all j € 7 by Fact A and j, € J by Fact
B, so
Jn = sargmin RSS, ()
JjeT



Refined strategy: ScanSelected

e Computational gains based on subinterval localisation: to locate
A . ’\Xj
Jn = sargming <<, RSS, ("),

1. We can refine the search by discarding those j for which
Y; > Yjt1: only n— 1 pairwise comparisons required

2. For the remaining indices j, compute /Aﬂ, by fitting )?1’1- and f,,,jﬂ
separately on disjoint subsets of the original data

® Let J be the set of j for which Frﬂ, is an S-shaped function in
F%. Then ;7 = K, for all j € 7 by Fact A and j, € J by Fact
B, so
Jn = sargmin RSS, ()
JjeT

® Can we use f; j_1 as a warm start for computing f; ;7



ScanSelected: example
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Sequential procedure: SeqConReg

® More efficient approach: we reveal new observations one by one,
and update the increasing convex and increasing concave least
squares fits using a mixed primal-dual bases algorithm (Fraser and

Massam, 1989, Meyer, 1999).
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® More efficient approach: we reveal new observations one by one,
and update the increasing convex and increasing concave least
squares fits using a mixed primal-dual bases algorithm (Fraser and
Massam, 1989, Meyer, 1999).

® Given 1?171-,1 and a new observation (x;, Y;), note that if
YJ' > f]_,j_]_(Xj), then f]_J = flJ—l on {X]7 . ,XJ}

® Otherwise, if Y < fclJ,l(><j), then start with the LSE fu,l
based on (x1, Y1),. .. 7~(xj_l, Yi—1),(xj, Y; = fij—1(xj)), and
decrease the value of Y;.



Sequential procedure: SeqConReg

More efficient approach: we reveal new observations one by one,
and update the increasing convex and increasing concave least
squares fits using a mixed primal-dual bases algorithm (Fraser and
Massam, 1989, Meyer, 1999).

Given 1?171-,1 and a new observation (x;, Y;), note that if
YJ' > f]_,j_]_(Xj), then f]_J = flJ—l on {X]7 . ,XJ}

Otherwise, if Y; < fclJ,l(><j), then start with the LSE fu,l
based on (x1, Y1),. .. 7~(xj_l, Yi—1),(xj, Y; = fij—1(xj)), and
decrease the value of Y;.

The LSE fit is a piecewise linear function of \N/J we need to track
the changes in the ‘active’ set of kinks.



Summary of algorithm (R package Sshaped)

1. Discard all j € {1,..., n} for which Y; > Yj,1.

2. For each of the remammg J, use SeqConReg to compute the
increasing convex LSE fld and increasing concave LSE f,,,J+1
Concatenate these by linear interpolation to form k. Discard

Jif My ¢ FN ie if

foj+1(X+2) — Fojr1(X+1) - o jt1(G+1) = f1,i(%)
Xj+2 = Xj+1 Xji+1 — Xj

3. Let J be the set of indices j retained after Steps 1 and 2.
Find .
Jj = sargmin RSS,,(H,).
JET

Return (xj, /Aﬂ:) — (s f,,)



Running time comparison
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Log-log plots of the running time (in seconds) of the SeqConReg (4), ScanSelected (®) and ScanAll (m)
algorithms, for sample sizes n € {100, 200, 500, 1000} and noise levels o € {1,0.1,0.01}
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Example: LIDAR air pollution data
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Thank you for listening!
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